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INFINITESIMAL DEFORMATIONS 
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Abstract. In the first two sections, we review the Block- Wilson-Premet- 
Strade classification of restricted simple Lie algebras. In the third section, 
we compute their infinitesimal deformations. In the last section, we indicate 
some possible generalizations by formulating some open problems. 



1. Restricted Lie algebras 

We fix a field F of characteristic p > and we denote with Fp the prime field 
with p elements. All the Lie algebras that we will consider are of finite dimension 
over F. We are interested in particular class of Lie algebras, called restricted (or 
p-Lie algebras). 

Definition 1.1 (Jacobson |JAC37j ). A Lie algebra L over F is said to be restricted 
(or ap-Lie algebra) if there exits a map (called p-map), [p] : L L, x i-^ x^p\ which 
verifies the following conditions: 

(1) ad(a;[Pl) = ad(a;)[''l for every x ^ L. 

(2) (ax)[^l = a^xl''! for every x G L and every a G F . 

(3) (xo + — a;|f' + x^^ + Yl^i=i Si{xQ,xi) for every x,y € L, where the 
element Si{xo,Xi) £ L is defined by 

Si{xo,xi) = --^adx„(i) oadx„(2) o • • • o ada;„(p_i) (zi), 

u 

the summation being over all the maps u : [1, • ■ • ,p — 1] ^ {0, 1} taking 
r-times the value 0. 

Example. (1) Let A an associative F-algebra. Then the Lie algebra DerpA 
of F- derivations of A is a restricted Lie algebra with respect to the p-map 
D ^ DP := D o ■ ■ ■ o D. 
(2) Let G a group scheme over F. Then the Lie algebra Lie(G) associated to G 
is a restricted Lie algebra with respect to the p-map given by the differential 
of the homomorphism G G, x ^ x^ x o ■ ■ ■ o x. 

One can naturally ask when a _F-Lie algebra can acquire the structure of a 
restricted Lie algebra and how many such structures there can be. The following 
criterion of Jacobson answers to that question. 

Proposition 1.2 (Jacobson). Let L be a Lie algebra over F . Then 

(1) It is possible to define a p-map on L if and only if, for every element x €z L, 
the p-th iterate of a,d{x) is still an inner derivation. 

(2) Two such p-maps differ by a semilinear map from L to the center Z{L) of 
L, that is a map f : L ^ Z{L) such that f(a.x) — f(x) for every x € L 
and a £ F. 
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Proof. See |JAC62l Chapter V.7]. □ 

Many of the modular Lie algebras that arise "in nature" are restricted. As an 
example of this principle, we would like to recall the following two results from the 
theory of finite group schemes and the theory of inseparable field extensions. 

Theorem 1.3. There is a bijective correspondence 

{Restricted Lie algebras/ F} < > {Finite group schemes/ F of height 1}, 

where a finite group scheme G has height 1 if the Frobenius F : G ^ G^^^ is zero. 
Explicitly to a finite group scheme G of height \, one associates the restricted Lie 
algebra Lie(G) := TqG. Conversely, to a restricted Lie algebra (L, [p]), one asso- 
ciates the finite group scheme corresponding to the dual of the restricted enveloping 
Hopf algebra U^p\L) := U{L)/{xP - aiW). 

Proof See |DG70l Chapter 2.7]. □ 

Theorem 1.4. Suppose that [F : F^] < oo. There is a bijective correspondence 

{Inseparable subextensions of exponent 1} < > {Restricted subalgebras of Der{F)} 

where the inseparable subextensions of exponent 1 are the subfields E <Z F such 
that PP d E d F and Der(F) := Derw^iF) = DeTFp{F). Explicitly to any field 
PP <Z E <Z F one associates the restricted subalgebra Der£;(i^). Conversely, to any 
restricted subalgebra L C Der(_F), one associates the sub field E^ ■= {x G F\D{x) = 
for all D G L}. 

Proof See j.TACSOl Chapter 8.16]. □ 



2. Classification of restricted simple Lie algebras 

Simple Lie algebras over an algebraically closed field of characteristic zero 
were classified at the beginning of the XIX century by Killing and Cartan. The 
classification proceeds as follows: first the non-degeneracy of the Killing form is 
used to establish a correspondence between simple Lie algebras and irreducible 
root systems and then the irreducible root systems are classified by mean of their 
associated Dynkin diagrams. It turns out that there are four infinite families of 
Dynkin diagrams, called A„, -B„, C„, D„, and five exceptional Dynkin diagram, 
called Eq, E-j, Eg, F4 and 6*2. The four infinite families correspond, respectively, 
to the the special linear algebra sl{n + 1), the special orthogonal algebra of odd 
rank so(2n + 1), the symplectic algebra sp(2n) and the special orthogonal algebra 
of even rank 5o(2n). For the simple Lie algebras corresponding to the exceptional 
Dynkin diagrams, see the book [JAC71j or the nice account in [B AE02| . 

These simple Lie algebras admits a model over the integers via the (so-called) 
Chevalley bases. Therefore, via reduction modulo a prime p, one obtains a restricted 
Lie algebra over Fp, which is simple up to a quotient by a small ideal. For example 
sl{n) is not simple if p divide n, but its quotient ps[(n) = sl(n)/(/„) by the unit 
matrix /„ becomes simple. There are similar phenomena occuring only for p = 2, 3 
for the other Lie algebras (see |STR04[ Page 209] or |SEL67j ). The restricted 
simple algebras obtained in this way are called algebras of classical type. Their 
Killing form is non-degenerate except at a finite number of primes. Moreover, they 
can be characterized as those restricted simple Lie algebras admitting a projective 
representation with nondegenerate trace form (see [BL062| . |KAP71j ). 

However, there are restricted simple Lie algebras which have no analogous in 
characteristic zero and therefore are called nonclassical. The first example of a 
nonclassical restricted simple Lie algebra is due to E. Witt, who in 1937 realized 



RESTRICTED SIMPLE LIE ALGEBRAS AND THEIR INFINITESIMAL DEFORMATIONS 3 



that the derivation algebra W{1) := DerF{F[X]/ {XP)) over a field F of char- 
acteristic p > 3 is simple with a degenerate Killing form. In the succeeding three 
decades, many more nonclassical restricted simple Lie algebras have been found (see 
|JAC43| . |FRA54| . [AF54| . |FRA64| ). The first comprehensive conceptual approach 
to constructing these nonclassical restricted simple Lie algebras was proposed by 
Kostrikin and Shafarevich in 1966 (see |KS66j ). They showed that all the known 
examples can be constructed as finite-dimensional analogues of the four classes of 
infinite-dimensional complex simple Lie algebras, which occurred in Cartan's clas- 
sification of Lie pseudogroups (see [CAR09| ). These restricted simple Lie algebras, 
called of Cartan-type, are divided into four families, called Witt-Jacobson, Spe- 
cial, Hamiltonian and Contact algebras. 

Definition 2.1. Let A{n) :— F[xi^ • • ■ , Xn]/ixi, • • ■ , a;^) the algebra of p-truncated 
polynomials in n variables. Then the Witt-Jacobson Lie algebra W{n) is the deriva- 
tion algebra of A(n): 

W{n) = BeipAin). 

For every j g {1, . . . we put Dj := The Witt-Jacobson algebra W{n) 

is a free A(n)-module with basis . . . ,Dn]- Hence dm\FW{n) = np" with a 
basis over F given by {x°'Dj [ 1 < j < n, a;" £ ^(n)}. 

The other three families are defined as m-th derived algebras of the subalgebras 
of derivations fixing a volume form, a Hamiltonian form and a contact form, respec- 
tively. More precisely, consider the natural action of W{n) on the exterior algebra 
of differential forms in da;i, • • • ,dx„ over A{n). Define the following three forms, 
called volume form, Hamiltonian form and contact form: 

' LOS = da;i A • • • da;„, 

m 

ujh — da;^ A dx^+m if n = 2m, 
1=1 

m 

ujk = da;2„i+i + ^(a:i+,„dxi - Xidxi+m) if n = 2m -|- 1. 

1=1 

Definition 2.2. Consider the following three subalgebras ofW{n): 

S{n) ^{D e W{n) \ Diog = 0}, 
H{n) = {De W{n) \ Dloh ^ 0}, 
K{n) = {De W{n) \ Dljk e A{n)uJK}. 

Then the Special algebra S(n) (n > 5) is the derived algebra of S{n), while the 
Hamiltonian algebra H{n) (n = 2m > 2) and the Contact algebra K{n) (n = 
2m -\- 1 > 3^ are the second derived algebras of H{n) and K{n), respectively. 

We want to describe more explicitly the above algebras, starting from the Special 
algebra S{n). For every 1 < i,j <n consider the following maps 



A{ji) — > W{n) 

f ^ D,{f)D,-D,{f)Dj. 



Proposition 2.3. The algebra S{n) has F -dimension equal to (n — l)(p" — 1) and 
is generated by the elements Dij{x°') for x"" G A{n) and 1 < i < j < n. 

Proof See [FS881 Chapter 4.3]. □ 
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Suppose now that n ~ 2m > 2 and consider the map Dh ■ A{n) W{n) defined 

by 



Dnif) = J2 [A(/)A+m - A+m(/)A] 



where, as before, Di :— e W{n). Then the Hamiltonian algebra can be de- 
scribed as follows: 

Proposition 2.4. The above map Dh induces an isomorphism 

Dh ■■ ^ H{n), 

where A{n)=ii^^^ = {x" £ A{n) \x'' ^X.x" ^ x" x^"^ • • • a;^-^- Therefore H{n) 
has dimension p" — 2. 

Proof. See [FS881 Chapter 4.4]. □ 

Suppose finally that n — 2m + 1 > 3. Consider the map Dk ■ A{n) — > K{n) 
defined by 

rn 2m 

DkU) = [A(/)A+m - A+m(/)A] + J2 [^»(/)A - A(/) A] + 2/L»„. 

i=i j=i 

Then the Contact algebra can be described as follows: 
Proposition 2.5. The above map Dk induces an isomorphism 



K{n) = 



A{n) z/p/(m + 2), 

A{n)^xT ifp I (to + 2), 



where A{n)^x^ := {a;" G A{n) \ x"" ^ x'^ :— x\ ^ ■ ■ ■ x^ Therefore K(n) has 
dimension p" if p J( {m + 2) and — 1 if p\ (m + 2). 

Proo/. See fFS88l Chapter 4.5]. □ 

Kostrikin and Shafarevich (in the above mentioned paper [KS66j ) conjectured 
that a restricted simple Lie algebras (that is a restricted algebras without proper 
ideals) over an algebraically closed field of characteristic p > 5 is either of classical 
or Cartan type. The Kostrikin-Shafarevich conjecture was proved by Block- 
Wilson (see |BW84] and |BW88| ) for p > 7, building upon the work of Kostrikin- 
Shafarevich ( [KS661 and [KS69) ). Kac QKACTOI and [KAC74p . Wilson r |WIL76j l 
and Weisfailer (|WEI78]). 

Recently, Premet and Strade (see [PS97] . [PS99] . [PSOT] . (PS04]) proved the 
Kostrikin-Shafarevich conjecture for p = 7. Moreover they showed that for p = 5 
there is only one exception, the Melikian algebra ( |MEL8d] ) . whose definition is 
given below. 

Definition 2.6. Let p ~ char(F) — 5. Let W{2) be a copy of W{2) and for an 

element D £ W{2) we indicate with D the corresponding element inside W{2). The 
Melikian algebra M is defined as 

M ^ A{2) © W{2) © Wp), 
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with Lie bracket defined by the following rules (for all D,E E W{2) and f,g 6 
A{2)): 

' [D, E] (iXE] + 2 div{D)E, 

[DJ] ■.^D{f)-2dw{D)f, 
' [fiDi + f2D2,giDi +52-D2] := /i52 - /25i> 
[f-E] -.^fE, 

^ [f,g] := 2 (gD^if) - fD2{g))D, + 2 {fD^{g) - gD^{f))D2, 

where div(/ii?i + /2i?2) ^i(/i) + ^2(/2) G A{2). 

In characteristic p — 2,3, there are many exceptional restricted simple Lie alge- 
bras (see |STR04[ page 209]) and the classification seems still far away. 

3. INFINITESIMAL DEFORMATIONS 

An infinitesimal deformation of a Lie algebra L over a field F is a Lie algebra 
L' over F[e\/{e^) such that V Xp\^^y(^2-^ F = L. Explicitly, L' = L + eL with Lie 
bracket [—,—]' defined by (for any two elements X,Y E L C L'): 

= [x,r] + e/(x,y), 

where [— .— ] is the Lie bracket of L and /(— , — ) is an 2-alternating function from L 
to L, considered a module over itself via adjoint representation. The Jacobi identity 
for [— , — ]' forces / to be a cocycle and moreover one can check that two cocycles 
differing by a coboundary define isomorphic Lie algebras. Therefore the infinites- 
imal deformations of a Lie algebra L are parametrized by the second cohomology 
H'^{L, L) of the Lie algebra with values in the adjoint representation (see |GER64j 
for a rigorous treatment). 

It is a classical result that simple Lie algebras in characteristic zero are rigid. We 
want to give a sketch of the proof of the following Theorem (see |HS97| for details). 

Theorem 3.1. Let L be a simple Lie algebra over a field F of characteristic 0. 
Then, for every i >0, we have that 

H\L,L) = 0. 

Sketch of the Proof. Since the Killing form /3(a;, y) = tr(ad(a;)ad(y)) is non-degene- 
rate (by Cartan's criterion), we can choose two bases {ci} and {e-} of L such that 
/3(ei, e'j) = 6ij. Consider the Casimir element C := ^ - Ci ® e- inside the enveloping 
algebra ll(L). One can check that: 

(1) C belongs to the center of the enveloping algebra and therefore it induces 
an L-homomorphism C : L — > L, where L is a consider a module over itself 
via adjoint action. Moreover since tri(C) = dim(L) 7^ 0, C is non-zero and 
hence is an isomorphism by the simplicity of L. 

(2) The map induced by C on the exact complex {U(L) ®k A" ^ F \s 
homotopic to 0. 

Therefore the induced map on cohomology C* : H*{L,L) H*{L,L) is an iso- 
morphism by (1) and the zero map by (2), which implies that H*{L, L) = 0. □ 

The above proof uses the non-degeneracy of the Killing form and the non- 
vanishing of the trace of the Casimir element, which is equal to the dimension 
of the Lie algebra. Therefore the same proof works also for the restricted simple 
Lie algebras of classical type over a field of characteristic not dividing the deter- 
minant of the Killing form and the dimension of the Lie algebra. Actually Rudakov 
(see |RUD71) ) showed that such Lie algebras are rigid if the characteristic of the 
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base field is greater or equal to 5 while in characteristic 2 and 3 there are non-rigid 
classical Lie algebras (see [CHEOS], [(JKOOj . [CKKOO]). 

It was already observed by Kostrikin and Dzumadildaev ( [DK78| . [DZU80| . 
[DZU81] and [DZU89| ) that Witt-Jacobson Lie algebras admit infinitesimal de- 
formations. More precisely: in [DK78 the authors compute the infinitesimal de- 
formations of the Jacobson-Witt algebras of rank 1 , while in |DZU801 Theorem 4] , 
[DZU81| and [DZU89j the author describes the infinitesimal deformations of the 
Jacobson-Witt algebras of any rank but without a detailed proof. 

In the papers [VIVl] . |VIV2j and |VIV3| . we computed the infinitesimal de- 
formations of the restricted simple Lie algebras of Cartan type in characteristic 
p > 5, showing in particular that they are non-rigid. Before stating the results, we 
need to recall the definition of the Squaring operators ( [GER64] ) . The Squaring of 
a derivation D : L ^ L \& the 2-cochain defined, for any x, y 6 L as it follows 

(3.1) Sq(-D)(x,y) = ^ i\{p-i)\ ' 

where is the z-iteration of D. Using the Jacobi identity, it is straightforward 
to check that Sq(D) is a 2-cocycle and therefore it defines a class in the cohomol- 
ogy group H^{L,L), which we will continue to call Sq(D) (by abuse of notation). 
Moreover for an element 7 G L, we define Sq(7) :— Sq(ad(7)). 

Theorem 3.2. We have that 

n 

H\W{n),W{n)) = ^{Sq{n,))p. 
Theorem 3.3. We have that 

n 

H^{S{n), S{n)) = 0(Sq(A))F 0(0)^, 

where Q is defined by Q{Di, Dj) = Dij{x'^). 

Theorem 3.4. Let n = 2m + 1 > 3. Then we have that 

2m 

H'{K{n),K{n)) = 0(Sq(i?^(a.,)))F 0(Sq(D^f (1)))^^. 

Before stating the next theorem, we need some notations about n-tuples of natu- 
ral numbers. We consider the order relation inside N" given by a = (ai, • ■ • , a„) < 
b = (61, • ■ • , bn) if fli < bi for every i = 1, - ■ ■ ,n. We define the degree of a G N" as 
\a\ = X]r=i '^i factorial as a! = n"=i '^i- F'or two multindex a,b G N" such 

that 5 < a, we set (°) := HlLi ill) = b<.{aUy. - For every integer j £ {!,■■■ ,n} we 
call Cj the n-tuple having 1 at the j-th entry and outside. We denote with a the 
multindex (p — 1, • • • ,p — I). 

Assuming now that n = 2m, we define the sign a{j) and the conjugate j' of 
1 < j < 2m as follows: 

r 1 if 1 < J < w, f .7 + ™ if 1 ^ J < '77, 

i itm<j< 2m, I J ^ it m < J < Am. 

Given a multindex a — (oi, • • • ,a2m) G N^m^ define the sign of a as a[a) = 
]^cr(i)°' and the conjugate of a as the multindex a such that di = for every 
1 < I < 2m. 
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Theorem 3.5. Let n = 2m > 2. Then if n > 4 we have that 

n m 

H\H{n), H{n)) = 0(Sq(i?«(x,)))F 0(%)^^ 0(0,)^^ 0($)^, 

i=l i<j 1=1 

where the above cocycles are defined (and vanish outside) by 

' U,,{Dh{x''),Dh{x')) = DH{xPr'xPr'mx'')D,{x') - D,{x'')D,{x'')]), 

II,{Dh{x,x'^),Dh{x,,x'>)) - 
, U,{DH{xk),DH{x''-^P-^^''-^P-^^''')) = -CT{k)DH{x^-'^') forl<k<n, 

'f{DH{x%DH{x'))=Y. {^^{^^<^{5)5\Dh{x'^+'-'-\ 

\f\=l 

If n — 2 then we have that 

2 

H\H{2), H{2)) = 0(Sq(7^^(x,)))f 0($)^. 

1=1 

Theorem 3.6. We have that 

2 2 

H^{M,M) = (Sq(l)};.0(Sq(A))F0Sq(A))F. 

4. Open Problems 

Simple Lie algebras (not necessarily restricted) over an algebraically closed 
field F of characteristic p 2,3 have been classified by Strade and Wilson for 
p> 7 (see |SW91| . |STR89j . |STR92j, [STR9T], [STR93], |STR94j, [STR98]) and 
by Premet-Strade for p ^ 5,7 (see [PS97] . [PS99] . [PSOT] . [PSM] ). The classi- 
fication says that for p > 7 a. simple Lie algebra is of classical type (and hence 
restricted) or of generalized Cartan type. Those latter are generalizations of the 
Lie algebras of Cartan type, obtained by considering higher truncations of divided 
power algebras (not just p-truncated polynomial algebras) and by considering only 
the subalgebra of (the so called) special derivations (see [FS88| or |STR04| for the 
precise definitions). Again in characteristic p = 5, the only exception is represented 
by the generalized Melikian algebras. Therefore an interesting problem would be 
the following: 

Problem 1. Compute the infinitesimal deformations of the simple Lie algebras. 

Note that there is an important distinction between restricted simple Lie al- 
gebras and simple restricted Lie algebras. The former algebras are the restricted 
Lie algebras which do not have any nonzero proper ideal, while the second ones are 
the restricted Lie algebras which do not have any nonzero proper restricted ideal 
(or p-ideal), that is an ideal closed under the p-map. Clearly every restricted simple 
Lie algebra is a simple restricted Lie algebra, but a simple restricted Lie algebra 
need not be a simple Lie algebras. Indeed we have the following 

Proposition 4.1. There is a bijection 

{Simple restricted Lie algebras} < > {Simple Lie algebras}. 

Explicitly to a simple restricted Lie algebra {L, [p]) we associates its derived algebra 
[L,L]. Conversely to a simple Lie algebra M we associate the restricted subalgebra 
M^P^ of DeipiM) generated by ad(M) (which is called the universal p-envelope of 
M). 
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Proof. We have to prove that the above maps are well-defined and are inverse one 
of the other. 

• Consider a simple restricted Lie algebra (L, [p]). The derived subalgebra 
[L, L] < L is a non-zero ideal (since L can not be abelian) and therefore [L, L]p = L, 
where [L,L]p denotes the p-closure of [L,L] inside L. 

Take a non-zero ideal I <] [L, L]. Since [L, L]p ~ L, we deduce from |FS88[ 
Chapter 2, Prop. 1.3] that / is also an ideal of L and therefore Ip — Lhy restricted 
simplicity of (L, [p]). From loc. cit., it follows also that [L, L] — [Ip, Ip] = [/, I] C I 
from which we deduce that I — L. Therefore [L, L] is simple. 

Since ad : L — > DeipiL) is injective and [L,L]p = L, it follows by loc. cit. 
that ad : L T)c]:p{[L,L]) is injective. Therefore we have that \L,L] C L C 
DerF{[L,L]) and hence = [L,L]p = L. 

• Conversely, start with a simple Lie algebra M and consider its universal p- 
envelop M < < Deri;^(M). 

Take any restricted ideal / <lp mI^I. By loc. cit., we deduce [/, Afl^l] C / n 
[MW , AfM] =lr\[M,M]^lnM< M. Therefore, by the simphcity of M, either 
/nM = MorJnM = 0. In the first case, we have that M C / and therefore 
j\,.f [p] — J in the second case, we have that [/, Afl^l] — and therefore 7 = 
because Afl^' has trivial center. We conclude that Afl^l is simple restricted. 

Moreover, by loc. cit., we have that [mIpI , M^] = [M,M] = M. 

□ 

Therefore the preceding classifications of simple Lie algebras (for p ^ 2,3) give 
a classification of simple restricted Lie algebras. 

Problem 2. Compute the infinitesimal deformations of the simple restricted Lie 
algebras. 

There is an important connection between simple restricted Lie algebras and 
simple finite group schemes. 

Proposition 4.2. Over an algebraically closed field F of characteristic p > Q, 
a simple finite group scheme is either the constant group scheme associated to a 
simple finite group or it is the finite group scheme of height 1 associated to a simple 
restricted Lie algebra. 

Proof. Let G be a simple finite group scheme. The kernel of the Frobenius map 
is a normal subgroup and therefore, by the simplicity of G, we have 
that either Ker(F) = or Ker(F) = G. In the first case, the group G is constant 
(since F = F), and therefore it corresponds to an (abstract) simple finite group. 
In the second case, the group G is of height 1 and therefore the result follows from 
Proposition II. 31 □ 

The following problem seems very interesting. 

Problem 3. Compute the infinitesimal deformations of the simple finite group 
schemes. 

Since constant finite group schemes (or more generally etale group schemes) are 
rigid, one can restrict to the simple finite group schemes of height 1 associated 
to the simple restricted Lie algebras. Moreover, if (L, [p]) is the simple restricted 
Lie algebra corresponding to the simple finite group scheme G, then the infini- 
tesimal deformations of G correspond to restricted infinitesimal deformations of 
(L, [p]), that are infinitesimal deformations that admit a restricted structure. These 
are parametrized by the second restricted cohomology group H^{L,L) (defined in 
[HOC54] ). Therefore the above Problem [3] is equivalent to the following: 
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Problem 4. Compute the restricted infinitesimal deformations of the simple re- 
stricted Lie algebras. 

The above Problem [H is closely related to Problem [5] because of the follow- 
ing spectral sequence relating the restricted cohomology to the ordinary one (see 
|FAk9l| ): 

i^f'" - Homnob (^/\L,HP{L,L)^ HP+'1{L,L), 

where Homprob denote the homomorphisms that are semilinear with respect to the 
Frobenius. 
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